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Abstract. We show that the almost complex structure underlying a non- 
Kahler, nearly Kahler 6-manifold (in particular, the standard almost complex 
structure of S 6 ) cannot be compatible with any symplectic form, even locally. 

1. INTRODUCTION 

Every symplectic manifold (M, u>) gives rise to an infinite dimensional, con- 
tractible Frechet space of to-compatible almost complex structures, J, introduced 
by the property that the bilinear form <?(•, •) = uj{-, J-) is symmetric and positive- 
definite (i.e. defines a Riemannian metric on M); in this case the (J, g) is an almost 
Hermitian structure on M, which is referred to as an almost Kahler structure com- 
patible with oj. 

It is natural to wonder whether or not a given almost complex structure J on M 
is w-compatible for some symplectic form up. This question, which was first raised 
and studied by J. Armstrong in pQ, can be asked both locally and globally and the 
corresponding answers are quite different in nature. In this Note we are interested 
in the local aspect of the problem, namely we consider the following 

Question 1. Is a given almost complex structure J on M locally compatible with 
symplectic forms? In other words, given J, can one find in a neighbourhood of each 
point of M a symplectic form compatible with J? 

Following [13] , we shall refer to almost complex structures which are locally com- 
patible with symplectic forms as almost complex structures having the local sym- 
plectic property. Further motivation for studying in a greater detail this property 
comes from |12[ 113] , where it shown that many features of the theory of pseudo- 
holomorphic mappings and currents on symplectic and complex manifolds can be 
extended to compact almost complex manifolds having the local symplectic prop- 
erty. 

As a trivial example, any integrable almost complex structure satisfies the local 
symplectic property (although there are many complex manifolds which are not 
symplectic). In particular, when M is 2-dimensional the answer of Question 1 is 
always positive. 

2. The 4-dimensional case 

We start by providing a detailed proof of the following observation made in [IJ 
p. 10]: 
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pointed out to him how some of the results in this paper are related to [2]. 
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Theorem 2.1. Any almost complex manifold of dimension 4 has the local symplec- 
tic property. 

A proof of this result is readily available in [HI Lemma A.l]. For the sake of 
completeness, and since we find the arguments in [12] incomplete (see Remark 12.21 
below), we give here an alternative argument based on the Malgrange existence 
theorem of local solutions of elliptic systems of PDE's. 

Proof of Theorem \2.1\ Let [M, J) an almost complex 4-manifold. The vector 
bundle of (real) 2-forms, A 2 (M), decomposes with respect to J as a direct sum 
A 2 (A/) = A J '+(M) A J ~(Af), where A J <+(M) (resp. A J ~(M)) is the vector bun- 
dle of A J-invariant 2-forms (resp. A J-anti-invariant) 2-forms. (The vector bundle 
A J '~(Af), endowed with the complex structure (.70) (v) := —<j)(J-,-), is natu- 
rally isomorphic to the anti-canonical bundle KJ 1 = A°' 2 (M) of (Af, J); likewise, 
A J '+(M) ® C = A 1,:L (Af).) We denote by fi J ' ± (M) etc. the spaces of smooth sec- 
tions of the corresponding bundles. The above splitting of real 2-forms gives rise to 
a decomposition of the exterior derivative d: J7 1 (M) — > f2 2 (M) as the sum of two 
differential operators d ± : Q 1 (M) -> fi J ' ± (M). 

In order to prove Theorem 12. 1[ it is enough to show that for any point p G M 
there exists a (connected) neighborhood U 9 p and a 1-form a G VI 1 (U), such that, 
on U, 

(2.1) <f~a = 0, daAda>0, 

where the sign of a 4-form is determined by the orientation induced by J. Indeed, 
the 2-form lu = da = d + a will be then symplectic and A J-invariant. It follows that 
at each point of U, <?(•, •) := u>(-, J-) is a hermitian-symmctric 2-form on (T(Af), J), 
which can be diagonalized with respect to an Hcrmitian product h; the condition 
lu A lu > means that g has a positive determinant with respect to h; since we 
are in complex dimension 2, the latter condition implies that g is either positive 
or negative definite at the given point (and hence by continuity everywhere on U); 
the almost complex structure J is, therefore, compatible with either lu or —to. 
To solve (|2.1[) . we first notice that the principal symbol of d~ is the linear map 

o-(O c (a) = \(^a-J*^J*a), 

where £, a G T p *(M) and J* acts on T p *(M) by (J*a)(X) = -a(JX). Thus, in 4 
dimensions, cr(d") € : Ap(M) h-> Ap' _ (M) is surjective for any £ <E T p M \ {0}. 

We can then associate to d~ a second order elliptic linear differential operator 
P : fl J -~(Al) — * n J ' _ (M) by putting P := d~5 k , where h is some J-compatible 
almost Hcrmitian metric on (M, J) and (5 h : J7 2 (Af) — > 51 1 (M ) is the corresponding 
co-differential, the formal adjoint operator of d with respect to ^-product defined 
by ft. (The principal symbol of P is given by cr(P) e ($) = - |^| 2 $, G T p *(M), $ G 
A^(M)). 

In terms of P, we want to show that for any given point p G M one can a find a 
(connected) neighborhood U 3 p and a J-anti-invariant 2-form <!> G £l J, ~(U), such 
that 

(2.2) P($) = 0, d^($) A d5 h (<P) > 

at any point of U. Since P is elliptic, it is enough to find a smooth 2-form 
$o G £l J, ~(M), which verifies (|2.2p only at p (i.e. an infinitesimal solution of 
I2.2[) . Indeed, for any such <& one can consider the system P(*) + P(<i>o) = 0. 
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Using the implicit function theorem, it is shown in pj p. 132] that for any e > 
there exist a neighborhood U e of p and a solution fy e G il J ~(U e ) with |j^ , £ || c2 , Q < £ 
(where || • || stands for the Holder norm of C 2 ' a (U)). Then, for e small enough, 
$ = $ + *e and U = U e will satisfy (|2~2|) . 

We thus reduced the problem to verifying that at each point p G M an infini- 
tesimal solution always exists (for a suitable choice of h). Denote by S e (T*(M)) £g> 
Ap'~(M) the space of i-jets at p of elements of Q, J '~{M) (where S l stands for 
the £-th symmetric tensor power). By the Borel lemma, for any sequence ag G 
S e {T*(M)) ® A^--(M), (£ = 0, 1,- ••), there exists a $ € J ^(M) whose £-th jet 
at p is ae. Thus, it is enough to show that there exists jets e = (ei2, aj., clq) such that 
P(e) = and d8 h (e) A dS h (e) > 0, where the linear differential operators of order 
< 2 are identified with the induced linear maps on the space of jets of order < 2. In 
fact, we will seek for an e verifying the yet stronger condition ((d5 h (e))o = 0, where 
(•)o denotes the primitive part of a 2-form (i.e. the orthogonal projection to F ). 
Clearly, (dS h (e))o = implies P(e) = and dS h (e) = ^Lh(e)F, where Lh corre- 
sponds to the the linear differential operator Lh(Q) := h(d8 h Q,F). It follows that 
dS h (e) A dS h (e) — \{Lh{e)) 2 Vh which is positive as soon as Lh(e) 7^ 0. A standard 
calculation shows that L^ is, in fact, of order one and has principle symbol 

4 

^(L fc )(*) - , Jet) + 2 *(JN@,ei), e 4 ), 

i=l 

where 9 h :— JShF is the Lee form of (h,J), jj stands the isomorphism between 
T*(M) and T(M) via h, {e^} is any ft,-orthonormal basis of T p (M) and 

W(;-) = [J;J-]-J[J;-]-J[;J-]-[;-] 

is the Nijenhuis tensor of J. By making a conformal change e^h with f(p) 
I i . c?/p 7^ 0, if necessary, we may assume that a^(Lh) =/= 0. Thus, we can start with 
e' = (01, do) such that Lft(e') 7^ 0. The principal symbol of (<M h ) is 

By polarization over £, it induces a linear map from S 2 (T* (M)) eg) A^~(M) to the 
space of primitive 2-forms (Ap(M)) which turns out to be surjective. This tells us 
that there exists an a 2 G S 2 (2£(M)) <g> a£~(M) such that e = (a 2 ,ai,a ) verifies 
(<i5' l (e))o = 0. Since Lh(e) = Lh(e') 7^ 0, this concludes the proof. 

Remark 2.2. The argument given in [12] relies on a claim from [10] that for any 
non-degenerate 2-form with dfi 7^ 0, there exists a local system of coordinates 
(x, y, z, t) such that 

Vl = e x (dx A dy + dz A dt). 

We note that the existence of such coordinates implies that f2 is conformal to a 
symplectic form. There are, however, many non-degenerate 2-forms which do not 
verify the latter condition. Indeed, in 4 dimensions, to any non-degenerate 2-form 
f2 one can associate a 1-form 9, called the Lee form, such that d£l = 9 Afl. Under a 
conformal transformation ft — e^fi the Lee form changes by 6 = 6 + df. It follows 
that f2 is (locally) conformally symplectic iff d9 = 0. For example, the 2-form 
= e xz dx A dy + dz A dt is non-degenerate and has non-closed Lee form 9 = e xz dz. 
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Remark 2.3. Theorem 3.1 in [14j affirms that there are almost complex structures 
on R 4 , which do not obey the local symplectic property. One can see that the state- 
ment is incorrect by constructing symplectic forms compatible with these almost 
complex structures. In fact, when the function f{x) in this theorem depends on x$ 
only, then the corresponding almost complex structure is even integrable. 

3. Strictly nearly Kahler 6-manifolds 

The situation dramatically changes in dimension greater than 4. Indeed, it 
follows from [3] that the standard almost complex structure of S 6 does not satisfy 
the local symplectic property; A. Tomassini [14] gave other explicit examples of 
6-dimensional almost complex manifolds which do not satisfy the local symplectic 
property. In dimension greater than 10, J. Armstrong [1 proved that there is an 
open set of (germs of) almost complex structures which doesn't satisfy the local 
symplectic property. Nevertheless, a criterion of deciding if a given almost complex 
structure has the local symplectic property is still to come. 

We give below a negative answer to Question 1 for a special class of almost com- 
plex 6-manifolds of increasing current interest, the so-called strictly nearly Kahler 
6-manifolds (see e.g. [U E HU HI] and the references therein) J 1 ] 

Theorem 3.1. The underlying almost complex structure of a non-integrable, nearly 
Kahler 6-manifold is not compatible with any symplectic form. 

Recall that an almost Hermitian structure (h, J) is nearly Kahler if the covariant 
derivative (with respect to the Levi-Civita connection D h ) of the corresponding 
fundamental 2-form F(-, •) = h(J-, •) satisfies D h F = jdF (nearly Kahler manifolds 
was first studied by A. Gray [5 ). Equivalently, the Nijenhuis thensor N is related 
to dF by (see e.g. [6]): 

(3.1) h(JN(X,Y),Z) = \dF(X,Y,Z), VX,Y,Z e T(M). 

Apart from the integrable case, examples include S e with its canonical almost 
complex structure and metric, the bi-invariant almost complex structure on S 3 x S 3 
with its 3-symmetric almost-Hermitian structure, the twistor spaces over Einstein 
self-dual 4-manifolds, endowed with the anti-tautological almost complex structure. 

A key property of a non-integrable nearly Kahler 6-manifold is that the 3-form dF 
is the imaginary part of a nowhere vanishing complex (3, 0)-form on (M, J) [llj . 
The identity (|3.ip then reads as 

(3.2) N=~h*oH>, 

where the Nijenhuis tensor N is viewed as a linear map N : A (T ' (M)) — > 
T ^(M), the induced Hermitian metric h* on (T*M, J*) provides an isomorphism 
h* : A 1 '°(M) -> T * 1 ^/), and the complex volume form * identifies A 2 (T 1 '°(M)) 
with A 1 -°(M). 

Theorem 13.11 is then an immediate corollary of the following 
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Lemma 3.2. Let (M, J) be an almost complex 6-manifold. Suppose that at some 
point p the Nijenhuis tensor N does not vanish and can be written in the form 

(3.3) N p = h* p o^ p , 

where h* : Ap' (M) — > Tp :1 (M) defines a real, J* -invariant, symmetric quasi- 
definite form on T*{M), and ip p G A p ,0 (M) is a non-zero (3,0)-/orm. Then, J 
cannot be compatible with any symplectic form defined in a neighborhood of p. 

Proof of Lemma \3.2i Since h* is J* -invariant, symmetric and quasi-definite, there 
exists a basis {a\, a 2 , a^} of A^ °(M), with dual basis {Zi, Z 2 , Z 3 } of T^°{M), such 
that h* — Yli=i ^i(Zi ® Zi + Zi® Zi) with Aj > 0, and ip p = ot\ A a 2 A a 3 . (Since 
N p is not zero, at least one of the Ai's is positive.) The condition (|3.3|) then reads 
as 

(3.4) N(Z 1 ,Z 2 ) = X 3 Z 3 , N(Z 2 ,Z 3 ) = X i Z 1 , N{Z 3 ,Z X ) = X 2 Z 2 . 

Suppose J is w-compatiblc for some symplectic form about p. The correspond- 
ing almost Kahler structure (J,g,uj) then satisfies (see e.g. [6]): (D^-o;)(Y, Z) = 
—2g(JN(Y,Z),X), where D 9 is the Levi-Civita connection of g. Taking a cyclic 
permutation over X, Y, Z and using the fact that u> is closed, one gets 

x a z (g(JN(Y,Z),X))=0. 
With respect to the local basis verifying (|3.4p . the latter equality implies 

3 
i=l 

a contradiction. 

Remark 3.3. The proof of Lemma 13.21 shows slightly more: there is no an almost 
Hermitian metric g, defined in a neighborhood of p, such that the fundamental 
2-form ijj of (g, J) satisfies (c?w) 3:0 = 0, where (dui) 3,0 stands for the projection of 
dio to A 3 -°(M). 
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